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Abstract: Fermion masses can be generated through four-fermion condensates when symmetries
prevent fermion bilinear condensates from forming. This less explored mechanism of fermion mass
generation is responsible for making four reduced staggered lattice fermions massive at strong couplings
in a lattice model with a local four-fermion coupling. The model has a massless fermion phase at weak
couplings and a massive fermion phase at strong couplings. In particular there is no spontaneous
symmetry breaking of any lattice symmetries in both these phases. Recently it was discovered that in
three space-time dimensions there is a direct second order phase transition between the two phases.
Here we study the same model in four space-time dimensions and find results consistent with the
existence of a narrow intermediate phase with fermion bilinear condensates, that separates the two
asymptotic phases by continuous phase transitions.
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1 Introduction
Masses of free fermions arise from local fermion bilinear terms in the action. If symmetries of the theory
prevent such terms, fermions remain massless perturbatively. However, these symmetries can break
spontaneously and generate non-zero fermion bilinear condensates that can make fermions massive.
This traditional mechanism of fermion mass generation is well known and is used in the standard
model of particle physics to give quarks and leptons their masses. In QCD, along with confinement,
this mechanism also helps explain the existence of light pions while making nucleons heavy. In this work
we explore a different mechanism of fermion mass generation where fermions acquire their mass through
four-fermion condensates, while fermion bilinear condensates vanish. This alternate mechanism has
been the focus of many recent studies in 3D lattice models [1–6]. Here we explore if these results extend
to 4D. The 3D studies also show that no spontaneous symmetry breaking of any lattice symmetries
is necessary for fermions to become massive. The presence of a new second order critical point makes
the mechanism interesting even in the continuum.1
We believe that the alternate mechanism of mass generation can be understood qualitatively if
we view the four-fermion condensate as a fermion bilinear condensate between a composite fermion
(consisting of three fundamental fermions) and a fundamental fermion. When three fundamental
fermions bind to form a composite fermion state, the four-fermion condensate can begin to act like
a conventional mass term. However, since such composite states can only form at sufficiently strong
couplings a non-perturbative approach is required to uncover it. At weak couplings, when composite
states do not form, four-fermion condensates cannot act like mass terms although they are still non-
zero. Since there are no local order parameters that signal the formation of the composite fermion
bound states, the massive phase does not require spontaneous symmetry breaking. All these arguments
are consistent with the results in 3D lattice models mentioned above.
Generating fermion masses through interactions but without spontaneous symmetry breaking is a
subtle problem from the perspective of 4D continuum quantum field theories due to anomaly matching
1The fermion mass generation mechanism we explore in this work is different from the one proposed in [7–9] where
chiral symmetry is spontaneously broken due to four-fermion condensates instead of fermion bilinear condensates and
massless bosons are present. In the massive fermion phase we explore here all particles, including bosons are massive.
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arguments [10–13], but 4D lattice models that display such a mechanism of mass generation are well
known and have been studied extensively in the context of lattice Yukawa models with both staggered
fermions [14–16] and Wilson fermions [17–21]. These models contain a massless fermion phase at weak
couplings (referred to as the paramagnetic weak or PMW phase), and a non-traditional symmetric
massive fermion phase at strong couplings (referred to as the paramagnetic strong or PMS phase).
The fermion mass in the PMS phase can be argued as being generated due to four fermion condensates
since fermion bilinear condensates vanish in that phase. A review of the early work can be found in
[22].
In order for the PMS phase found in previous lattice calculations to become interesting from
the point of view of continuum quantum field theory, it must be possible to tune the fermion mass
to zero in lattice units. In units where the fermion mass remains fixed, this would imply that the
lattice spacing vanishes. This can be accomplished in the presence of a direct second order transition
between the PMW and the PMS phase. Such a transition was proposed as an important ingredient
for realizing chiral fermions on the lattice [23, 24]. Unfortunately, all previous studies found that there
was always an intermediate phase (referred to as the ferromagnetic of FM phase) where the symmetry
that protected the fermions from becoming massive at weak couplings, was broken spontaneously. In
the presence of the FM phase, fermions in the PMS phase cannot be made arbitrarily light in lattice
units. We believe this was the reason the PMS phase was abandoned as merely a lattice artifact. In
fact earlier studies in 3D also found an intermediate FM phase [25]. Hence the recent discovery of a
possible direct second order PMW-PMS phase transition in 3D is exciting, and raises the possibility
that such transitions may exist even in 4D.
A second order PMW-PMS transition does not fall under the usual Landau-Ginzburg paradigm,
since both the phases have the same global symmetries and there is no local order parameter that
distinguishes them. For this reason it must be different from the usual Gross Neveu universality class.
Such transitions are known in condensed matter literature and usually driven due to a change in
the topological properties of the ground state [26]. The PMW-PMS transition could occur due to
a similar reason although it does not seem to involve any topological order [6]. From a condensed
matter perspective, the PMS phase can be viewed as a trivial insulator where the ground state does
not break any lattice symmetries since it is formed by local singlets. In contrast, the traditional
massive fermion phase with fermion bilinear condensates is like a gapped semi-metal or a topological
insulator. Topological insulators can have chiral zero modes attached to domain walls where the sign
of the condensate changes [27]. Such zero modes are extensively used today in lattice QCD studies
through the domain wall formulation introduced by Kaplan [28]. Many interesting properties of such
topological insulators in background fields have also been studied by particle physicists many years ago
[29, 30]. Recently the focus has shifted to the classification of the topological insulators in the presence
of fermion self interactions [31–36]. These studies suggest that when the fermion content of the theory
is chosen appropriately, such interactions can smoothly deform a topological insulator to a trivial
insulator. During such a change massless chiral fermions on the edges acquire non-traditional masses
due to the formation of four-fermion condensates since fermion bilinear condensates are forbidden.
The associated phase transition on the edge need not involve any spontaneous symmetry breaking [1].
This has prompted many applications of the alternate mass generation mechanism to particle physics
[37–40].
A direct second order PMW-PMS phase transition has remained elusive in 4D so far. Given the
discovery of such a transition in 3D [5], we believe it is worth searching for it even in 4D. The first step
obviously would be to explore if the same lattice model that showed its presence in 3D, also contains
it in 4D. Interestingly, this model contains sixteen Weyl fermions, which has been argued to be the
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right number necessary for the possible existence of the transition in 4D [38]. However, this model was
already studied long ago in the context of Higgs-Yukawa models and a wide intermediate FM phase
was found [16], implying that one needs to explore extensions to it. It may be possible to add new
couplings to the model that have the effect of narrowing the width of the FM phase. Unfortunately,
the conclusions of the earlier work were mostly drawn from mean field theory and crude Monte Carlo
calculations. Hence, in this work we focus on accurately determining the phase boundaries of the model
so as to get a sense of how far away is the possible critical point in the extended parameter space. By
working in the limit where the Higgs field can be integrated out explicitly, we can accurately study
the model in the chiral limit with Monte Carlo methods on lattices up to 124 using the fermion bag
approach [41, 42]. In contrast to the earlier work, our results shows a surprisingly narrow intermediate
FM phase, assuming it exists.
Our paper is organized as follows. In section 2 we provide a new view point for our lattice model
and discuss its symmetries. We also discuss observables that shed light on the phase structure of the
model. In section 3 we present the fermion bag approach and show that fermion bags have interesting
topological properties. In particular we discuss an index theorem very similar to the one in non-Abelian
gauge theories with massless fermions. In section 4 we explain how the fermion bag approach provides
a new theoretical perspective on the physics of the PMS phase and the alternate mass generation
mechanism. In particular we explain how all fermion bilinear mass order parameters in the model
must vanish at sufficiently strong couplings, although fermions are massive. In section 5 we present
our Monte Carlo results and in section 6 we present our conclusions.
2 The Model
Our model was originally studied within the context of lattice Higgs-Yukawa models [16]. However,
it can also be obtained directly by discretizing naively the continuum four-fermion action containing
a single Dirac fermion field ψa(x) and ψ
a
(x) where a labels the four spinor indices. We believe
this alternate view point sheds more light on the mechanism of mass generation with four-fermion
condensates (or equivalently the PMS phase) at strong couplings. Consider the continuum Euclidean
action given by
Scont =
∫
d4x
{
ψ(x)γα∂αψ(x) − U
(
ψ4(x)ψ3(x)ψ2(x)ψ1(x) + ψ
4
(x)ψ
3
(x)ψ
2
(x)ψ
1
(x)
)}
. (2.1)
where γα are the usual 4 × 4 Hermitian Dirac matrices. Note that the continuum model breaks the
U(1) fermion number symmetry
ψ(x)→ exp(iθ)ψ(x), ψ(x)→ exp(−iθ)ψ(x) (2.2)
explicitly, but it is invariant under Euclidean rotations and the U(1) chiral symmetry
ψ(x)→ exp(iθγ5)ψ(x), ψ(x)→ ψ(x) exp(iθγ5). (2.3)
Perturbatively, no fermion bilinear mass term can be generated through radiative corrections since
all such terms break either the U(1) chiral symmetry or the rotational symmetry. Thus, the model
must contain a massless fermion phase (or the PMW phase) at weak couplings. At strong couplings,
assuming we can perform a perturbative (strong coupling) expansion in the kinetic term (similar to the
hopping parameter expansion on the lattice), we can see the presence of a symmetric massive fermion
phase (or the PMS phase). In particular the leading order theory is trivial since all fermion fields are
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bound into local space-time singlets under the symmetries of the action. Introduction of the kinetic
term can create excitations that transform non-trivially under both chiral and rotational symmetries,
but all of these must be massive since energetically favored singlets need to be broken to create them.
But, can the strong coupling expansion as described above be justified after the subtleties of UV
divergences are taken into account? Although we cannot answer this question for a single Dirac field,
ignoring the fermion doubling problem, we can easily discretize the continuum action (2.1) naively on
the lattice and ask the same question in a controlled setting in the lattice theory. In particular we can
even explore if the fermion mass of the lattice theory at strong couplings (i.e., in the PMS phase) can
be made light as compared to the cutoff.
Discretizing (2.1) naively on a space-time lattice we obtain
Snaive =
∑
x,y
{
ψxγα
1
2
(δx+αˆ,y − δx−αˆ,y)ψy − U
(
ψ4xψ
3
xψ
2
xψ
1
x + ψ
4
xψ
3
xψ
2
xψ
1
x
)}
, (2.4)
where we use the notation ψax to denote the lattice Grassmann fields. Using the well known spin
diagonalization transformation
ψx → (γ1)x1(γ2)x2(γ3)x3(γ4)x4ψx, ψx → ψx(γ4)x4(γ3)x3(γ2)x2(γ1)x1 , (2.5)
used to define staggered fermions [43], we obtain the lattice action,
Snaive =
∑
x,y
{
ψxMx,yψy − U
(
ψ4xψ
3
xψ
2
xψ
1
x + ψ
4
xψ
3
xψ
2
xψ
1
x
)}
. (2.6)
where Mx,y is the free staggered fermion matrix
Mx,y =
1
2
∑
α
ηα,x
(
δx+αˆ,y − δx−αˆ,y
)
. (2.7)
The phase factors η1,x = 1, η2,x = (−1)x1 , η3,x = (−1)x1+x2 , η4,x = (−1)x1+x2+x3 are well known.
Since ψax on even sites only connect with ψ
a
x on odd sites and vice versa, we can eliminate half the
degrees of freedom by defining ψax only on even sites and ψ
a
x only odd sites. We can go a step further
and stop distinguishing between ψax and ψ
a
x since every site has an identical single four component
Grassmann variable. This finally leads to the Euclidean action,
S =
1
2
∑
x,y,a
ψax Mx,y ψ
a
y − U
∑
x
ψ4xψ
3
xψ
2
xψ
1
x. (2.8)
We can also view the above action as being constructed directly with four reduced flavors of staggered
fermions with an onsite four-fermion interaction. In this interpretation, the spinor indices a = 1, 2, 3, 4
are viewed as labels of the four reduced staggered flavors. When U = 0 the above model describes eight
flavors of Dirac fermions (or equivalently sixteen flavors of Weyl fermions) in the continuum. This
matches the required number of fermions that allows for a non-traditional massive phase according to
recent insights [38].
Lattice symmetries of staggered fermions are well known [44]. These include:
(1) Shift Symmetry:
ψax → ξρ,xψax+ρ, (2.9)
where ξ1,x = (−1)x2+x3+x4 , ξ2,x = (−1)x3+x4 , ξ3,x = (−1)x4 , ξ4,x = 1. This symmetry is based on the
identity ξρ,xηα,xξρ,x+αˆ = ξρ,xηα,xξρ,x−αˆ = ηα,x+ρˆ.
(2) Rotational Symmetry:
ψax → SR(R−1 x)ψaR−1 x, (2.10)
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where R ≡ R(ρσ) is the rotation xρ → xσ, xσ = −xρ, xτ → xτ for τ 6= ρ, σ and
SR(x) =
1
2
[1± ηρ,xησ,x ∓ ξρ,xξσ,x + ηρ,xησ,xξρ,xξσ,x]. (2.11)
This symmetry follows from the relation SR(R−1 x)ηα,xSR(R−1 x+R−1αˆ) = Rµνην,R−1 x.
(3) Axis Reversal Symmetry:
ψax → (−1)xρψaI x, (2.12)
where I ≡ I(ρ) is the axis reversal xρ → −xρ, xτ = xτ , τ 6= ρ.
(4) Global Chiral Symmetry:
ψax → (V )abψbx, x ∈ even, ψax → (V ∗)abψbx, x ∈ odd. (2.13)
where V is an SU(4) matrix in the fundamental representation. Note that the fields at even and odd
sites transform differently.
As in the continuum, the above symmetries forbid fermion bilinear mass terms to be generated
through radiative corrections. The corresponding mass order parameters were constructed long ago
[44, 45] and were studied recently in [4]. They are given by
O0ab(x) = ψ
a
xψ
b
x (2.14a)
O1µ,a(x) = xξµ,xψ
a
x Sµψ
a
x (2.14b)
O2Aµν,a(x) = ξµ,xξν,x+µˆψ
a
xSµSνψ
a
x (2.14c)
O2Bµν,a(x) = xξµ,xξν,x+µˆψ
a
xSµSνψ
a
x (2.14d)
O3µνλ,a(x) = ξµ,xξν,x+µˆξν,x+µˆ+νˆψ
a
xSµSνSλψ
a
x, (2.14e)
where x is a lattice site, x = (−1)x1+x2+x3+x4 and Sµψax = ψax+µˆ + ψax−µˆ. Further we assume
µ 6= ν 6= λ in the above expressions. These order parameters naturally vanish in the PMW phase,
when fermions are massless. However, we will argue in section 4 that even the PMS phase they vanish
where fermions become massive.
3 Fermion Bags, Topology and an Index Theorem
The partition function of our lattice model whose action is given in (2.8), can be written in the
fermion bag approach [41, 42]. In addition to providing an alternate Monte Carlo method to solve
lattice fermion field theories, this alternative approach also gives new theoretical insight into the
fermion mass generation mechanism involving four-fermion condensates [46]. While the details of this
approach was already discussed in [3], here we repeat the steps for reduced staggered fermions instead
of regular staggered fermions. Although the final expression is identical, here it is written in terms of
Pfaffians instead of determinants. We first write
Z =
∑
[n]
∫ ∏
x
[dψ1xdψ
2
xdψ
3
xdψ
4
x]
∏
a
exp
(
− 1
2
∑
x,y
ψax Mx,y ψ
a
x
) ∏
x
(
Uψ4xψ
3
xψ
2
xψ
1
x
)nx
. (3.1)
where [n] is a configuration of monomers defined by the binary field nx = 0, 1 that represents the
absence (nx = 0) or presence (nx = 1) of a monomer (see Fig. 1 for an illustration). We can perform
the Grassmann integral at the sites that contain the monomer first to obtain
Z =
∑
[n]
UNm
∏
a
∫
[dψax1dψ
a
x2 ...] exp
(
− 1
2
∑
x,y
ψax Wx,y ψ
a
y
)
, (3.2)
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Figure 1. An illustration of a fermion bag configuration. The sites with monomers are marked with filled
circles. Connected sites without monomers form fermion bags.
where Nm is the total number of monomers in the configuration [n], and sum in the exponent is only
over free sites (i.e., sites without monomers) ordered in a convenient way say x1, x2, ... and Wx,y is
the reduced staggered Dirac matrix Mx,y connecting only the free sites. Performing the remaining
Grassmann integration over the free sites we obtain
Z =
∑
[n]
UNm
(
Pf(W )
)4 (3.3)
where Pf(W ) refers to the Pfaffian of the matrix W . Note that the sign of Pf(W ) is ambiguous and
depends on the order in which the free sites are chosen in the definition of the matrix W . However,
this ambiguity cancels in the full partition function and all physical correlation functions. Since W
is an anti-symmetric matrix connecting only even and odd sites, the matrix W can be expressed as a
block matrix by separating even and odd sites into separate blocks with non-zero entries only in the
off-diagonal block. Hence Pf(W ) is the determinant of this off-diagonal block. When the number of
odd and even sites are different then Pf(W ) = 0.
Free fermion bags refer to the connected set of free sites which do not belong to a monomer. A
monomer configuration can in principle have different disconnected fermion bags, which implies that
Pf(W ) =
∏
B
Pf(WB) (3.4)
where the matrix WB refers to the reduced staggered Dirac matrix W connecting only the sites within
the bag B and the product is over all bags. We will refer to WB as the fermion bag matrix. If SB is
the total number of sites of the fermion bag, then WB is also an SB × SB anti-symmetric matrix with
non-zero entries only between even and odd sites. It is easy to see that Pf(WB) = 0 for a bag with an
unequal number of even and odd sites.
Let us now discuss a curious connection between the zero modes of the fermion bag matrix WB
and the topology of the fermion bag B. This connection is analogous to the well known index theorem
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Figure 2. An illustration of a ν = 1 topological fermion bag configuration. The Dirac matrix WB associated
with this bag will contain at least one zero mode. This connection between topology and zero modes is
analogous to the index theorem of the massless Dirac operator in non-Abelian gauge theories.
of the massless Dirac operator in non-Abelian gauge theories [47–49]. Note that when a bag does
not contain an equal number of even and odd sites WB is a matrix with zero modes. If we introduce
the concept of a topological charge for the fermion bag through the integer ν = ne − no (where ne
(no) refer the number of even (odd) sites of the bag), then it is easy to argue that the fermion bag
matrix WB, will have at least |ν| zero modes, similar to the index of the massless Dirac operator
in non-Abelian gauge theories. An example of a ν = 1 topological fermion bag is shown in Fig. 2.
The analogy with non-Abelian gauge theories extends even further. For example, in certain massless
four-fermion models where a chiral symmetry forbids the presence of the chiral condensate, they can
still acquire non-zero expectation values due to the presence of fermion bags with topological charge
ν = ±1 [46]. This is similar to the fact that chiral condensates obtain a non-zero contribution in QCD
with a single massless quark flavor due to the presence of gauge field configurations with topological
charge ν = ±1 [50].
4 Absence of SSB at Strong Couplings
The conventional wisdom is that when fermions become massive, one or more of the fermion bilinear
mass order parameters given in (2.14) acquire a non-zero expectation value due to spontaneous break-
ing of some of the lattice symmetries. However, it was discovered long ago that the usual single site
order parameter vanishes at sufficiently strong couplings even though fermions are massive [14–18].
More recently the vanishing of all bilinear mass order parameters at strong couplings was studied in
[4]. In this section we give analytic arguments for this result within the fermion bag approach. Our
aim is to illustrate the importance of topology and zero modes of the fermion bag matrix in some of
these arguments. A simple extension of these arguments allow us to also conclude the absence of any
spontaneous symmetry breaking.
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All bilinear mass order parameters given in (2.14) can be written compactly in the form
Oα(x) =
∑
y
fαa,b(x, y)ψ
a
xψ
b
y, (4.1)
where α = 0, 1, 2A, 2B, 3 and fαa,b(x, y) is appropriately defined with non-zero values only when x
and y lie within a hypercube. On a finite lattice we expect 〈Oα(x)〉 = 0 purely from symmetry
transformations on Grassmann fields, assuming boundary conditions do not break the symmetries
2. In the fermion bag approach this vanishing of the symmetry order parameter can be understood
through the following three facts:
1. 〈Oα(x)〉 can get non-zero contributions from a fermion bag configuration only when both the
Grassmann fields in Oα(x) are present within the same fermion bag. To show this let us prove
that the weight of a fermion bag vanishes due to the insertion of a single ψax. First note that
inserting ψax in the path integral means that x must be a free site within a fermion bag which
we refer to as Bx. Inserting ψax and performing the Grassmann integration within the bag gives
Pf(WBx([x])) =
∫ ∏
x′∈Bx
[dψax′ ] ψ
a
x exp
(
− 1
2
∑
x,y∈B′x
ψaxWx,yψ
a
y
)
. (4.2)
Note that this is equivalent to removing the site x from the bag and the matrix WBx([x]) refers
to the fermion bag matrix without the site x. Note this matrix has one row and one column
less than WBx which contains the site x. Without ψax, the above Grassmann integral would give
Pf(WBx). Since x will either be an even or an odd site, removing it changes the topology of the
fermion bag as defined in the previous section. Thus, if Pf(WBx) 6= 0, then Pf(WBx([x])) = 0
and vice versa. Since the weight of the fermion bag involves a product of four Pfaffians, one for
each flavor, the fermion bag weight always vanishes in the presence of a single ψax source term
inside it.
2. When α = 0, 2A, 2B, contribution to 〈Oα(x)〉 from every single fermion bag configuration van-
ishes because the fermion bag weight that contains the fermion source terms vanishes. In the
fermion bag approach these expectation values are given by
〈O0(x)〉 = 1
Z
{∑
[n]
UNm
(
Pf(WBx [x])
)2(
Pf(WBx)
)2 ∏
B6=Bx
(
Pf(WB)
)4}
, (4.3)
〈O2A,2B(x)〉 = 1
Z
{∑
y
f2A,2Ba,a
∑
[n]
UNm
(
Pf(WBx,y [x, y])
)(
Pf(WBx,y )
)3 ∏
B6=Bx
(
Pf(WB)
)4}
,
(4.4)
where Bx, Pf(WBx) and Pf(WBx([x])) were already defined above. We now define Bx,y as the
free fermion bag containing both the sites x, y, Pf(WBx,y ) is the Pfaffian of that fermion bag
matrix, and Pf(WBx,y ([x, y])) is the Pfaffian of the fermion bag matrix where x and y are also
dropped from the bag Bx,y. Mathematically,
Pf(WBx,y ([x, y])) =
∫ ∏
x′∈Bx
[dψax′ ] ψ
a
x ψ
a
y exp
(
− 1
2
∑
x,y∈Bx,y
ψaxWx,yψ
a
y
)
, (4.5)
2our choice of anti-periodic boundary conditions fall in this class
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and
Pf(WBx,y ) =
∫ ∏
x′∈Bx
[dψax′ ] exp
(
− 1
2
∑
x,y∈Bx,y
ψaxWx,yψ
a
y
)
. (4.6)
Since O0(x) contains ψaxψbx where a 6= b, out of the four Pfaffians contributing to the weight
of the fermion bag Bx, two involve matrices that contain the site x and two involve matrices
that do not contain it. Their product vanishes for topological reasons like before, since one of
the two matrices will have an extra even or odd site and its pfaffian will vanish. In the case of
O2A,2B(x) the weight function f2A,2Ba,b (x, y) 6= 0 when a = b, but when both x, y belong to either
even sites or odd sites. Thus, either WBx,y [x, y] or WBx,y has two extra even or odd sites. Again
for topological reasons like before, the pfaffian of one of these two matrices will vanish.
3. The contribution to 〈Oα(x)〉 for α = 1, 3 from a given fermion bag configuration may be non-
zero, since in these two cases the fermion bag weight that contains the fermion source terms can
have a non-zero weight. For these bilinears, since a = b the expression for the expectation value
is given by
〈O1,3(x)〉 = 1
Z
∑
y
fαa,a(x, y)
{∑
[n]
UNm
(
Pf(WBx,y [x, y])
)(
Pf(WBx,y )
)3 ∏
B6=Bx,y
(
Pf(WB)
)4}
(4.7)
where Bx,y, Pf(WBx,y ) and Pf(WBx,y ([x, y])) were defined above. Note that now both Pf(WBx,y )
and Pf(WBx,y ([x, y])) can be non-zero.
Using the above three facts we can understand why 〈Oα(x)〉 = 0 for all values of α. When
α = 0, 2A, 2B, contribution from each fermion bag configuration vanishes. However, when α = 1, 3
a further sum over contributions from all symmetry transformations of the fermion bag configuration
is necessary to show that the expectation value vanishes. Under these transformations fermion bags
transform as a classical extended objects in space-time. For example under a shift in some direction,
all monomers and fermion bags get shifted by one lattice unit in that direction. Similarly under
rotation by 90o about some axis, the full fermion bag configuration rotates by the same amount. All
such configurations obtained by symmetry transformations will have the same weight in the absence of
source insertions. This means Pf(WB) remains the same for all fermion bags B 6= Bx,y. On the other
hand Pf(WBx,y ([x, y])) transforms like ψaxψay because of the source insertions and hence will cancel due
to the sum over symmetry transformations.
Interestingly, if fermion bags are sufficiently far apart symmetry operations can be performed on
a single fermion bag without affecting other bags. Such symmetry fluctuations of the single fermion
bag that contains the fermion source terms then naturally lead to 〈Oα(x)〉 = 0. Let us illustrate this
by considering the calculation of 〈O1µ,a(x)〉 which is given by
〈O1µ,a(x)〉 = (x)ξµ(x)
(
〈ψaxψax+µˆ〉 − 〈ψax−µˆψax〉
)
. (4.8)
Note that under the shift symmetry we expect
〈ψaxψax+µˆ〉 = 〈ψax−µˆψax〉. (4.9)
which is the reason for 〈O1µ,a(x)〉 to vanish. In the fermion bag approach we have
〈ψaxψax+µˆ〉 =
1
Z
{∑
[n]
UNm
[
Pf(WBx,x+µˆ [x, x+ µˆ])
(
Pf(WBx,x+µˆ)
)3] ∏
B6=Bx,x+µˆ
(
Pf(WB)
)4}
. (4.10)
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Figure 3. An illustration of a symmetry fluctuation of a fermion bag when other fermion bags are sufficiently
far apart. The fermion bag in the center of the figure on the left has been translated by one unit to the right
and shown in the figure on the right. Such a change in a fermion bag is referred to as a symmetry fluctuation
and the sites affected during the fluctuation are shown with a different color in the right figure.
If the fermion bags are sufficiently far apart, then we can map the bag Bx−µˆ,x that contributes to
〈ψax−µˆψax〉 to another unique bag Bµx,x+µˆ obtained by translating Bx−µˆ,x by one lattice spacing in the
µˆ direction without disturbing any of the other bags. An illustration of such a translation is shown in
Fig. 3. Due to translational invariance we must have
Pf(WBx−µˆ,x([x− µˆ, x])) = Pf(WBµx,x+µˆ([x, x+ µˆ])), Pf(WBx−µˆ,x) = Pf(WBµx,x+µˆ). (4.11)
Since none of the other bags are disturbed, we see that 〈O1µ(x)〉 = 0 simply due the sum over all
symmetry fluctuations of the single fermion bag containing the fermion source terms.
The above discussion sheds light on why 〈Oα(x)〉 = 0 in a finite system due to symmetry trans-
formations. However, the more important question is to address whether some of these symmetries
can break spontaneously. For this one must compute the two point correlation function of local order
parameters,
Cα(x, x′) = 〈Oα(x)Oα(x′)〉. (4.12)
If Cα(x, x′) 6= 0 in the limit when |x − x′| → ∞, then we say the order parameter is non-zero and
the corresponding symmetry is spontaneously broken. Let us now argue that Cα(x, x′) = 0 for all
fermion bilinear mass order parameters when |x − x′| → ∞ at sufficiently strong couplings. We will
assume that fermion bags of large size are exponentially suppressed and that fermion bags are well
separated from each other so that when fermion bags fluctuate due to symmetry transformations
they rarely touch each other. Emperical evidence shows that this assumption is quite reasonable.
Hence, contribution from configurations where x and x′ lie within the same fermion bag should also
be exponentially suppressed in the limit where |x − x′| is large. Thus, a non-zero order parameter
requires a non-vanishing contribution from configurations where x and x′ are in two different fermion
bags. However, we have already argued that 〈Oα(x)〉 = 0 within each fermion bag once fluctuations of
these two bags are taken into account. Thus, all fermion bilinear mass order parameters must vanish
at sufficiently strong coupling, (in the PMS phase) even though fermions are massive. The fact that
fermion masses and fermion bilinear condensates need not be related to each other was first presented
in [46].
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A straightforward generalization of the above arguments show that any symmetry local order
parameter that vanishes within a fermion bag (after taking into account symmetry fluctuations of the
fermion bag), cannot develop long range order, as long as fermion bags are well separated from each
other and large fermion bags are exponentially suppressed. Since distinct fermion bags are always
separated by local singlets (monomers), correlations between them are screened. The only way for
long range correlations to arise is due to topology that requires the presence of another fermion bag
far away, whose weight vanishes due to zero modes that arise through an index theorem. In such
cases while the order parameter vanishes on a finite lattice, two point correlations can develop long
range correlations. Examples of lattice models that contain such topological correlations are easy
to construct [46]. However, as we have discussed above, our model is different and such topological
correlations in symmetry order parameters are absent. Hence there can be no spontaneous symmetry
breaking of any lattice symmetries at sufficiently large couplings.
5 Width of the Intermediate Phase
The arguments of the previous section no longer apply when free fermion bags become large and are not
well separated from each other. This occurs in the intermediate coupling region where fermion bilinear
condensates can in principle form and lattice symmetries can break spontaneously. As explained in the
introduction, it would be exciting to find a 4D lattice model without such an intermediate FM phase,
but with a direct PMW-PMS second order phase transition. Unfortunately, earlier studies suggest
that our lattice model (2.8) has a wide intermediate FM phase [16], although the phase boundaries
were not accurately determined. Using the fermion bag approach, in this section we determine them.
Since our algorithms scale badly with system size (especially in 4D), we have been able to perform
Monte Carlo calculations only up to L = 12 (we have one result at L = 14 at U = 1.75). Assuming
the presence of an intermediate phase and using finite size scaling, we are still able to determine the
phase boundaries accurately. In contrast to earlier work, our results point to a surprisingly narrow
intermediate FM phase.
We first show results for the four-fermion condensate defined through the monomer density ρm in
the fermion bag approach using the relation
ρm =
U
L4
∑
x
〈 ψ4xψ3xψ2xψ1x 〉. (5.1)
Note that with our normalization ρm = 0 at U = 0 and ρm = 1 at U = ∞. In Fig. 4 (on the
left side) we plot the behavior of ρm as a function of U for various lattice sizes. The condensate
increases rapidly but smoothly between U = 1.5 and 1.9 suggesting the absence of any large first order
transitions. However, with this data alone it is unclear if there is a single transition due to the absence
of an intermediate phase, or two transitions due its presence. For this purpose we compute the two
independent susceptibilities
χ1 =
1
2
∑
x
〈ψ10ψ20 ψ1xψ2x〉, χ2 =
1
2
∑
x
〈ψ10ψ20 ψ3xψ4x〉, (5.2)
that can help in determining if bilinear condensate Φ = 〈O0ab(x)〉 6= 0. In general, χ1 6= χ2, as can be
easily verified for small values of U , but for large values of U they become almost similar. Assuming
a fermion bilinear condensate forms, the leading behavior at large volumes is expected to scale as
χ1 ∼ χ2 ∼ Φ2L4/4, since only half the lattice volume contributes in the sum. In other words, a clear
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Figure 4. The monomer density (left) and the condensate susceptibility χ1 (right) plotted as a function of
U in the intermediate coupling region for various lattice sizes. There is no sign of a first order transition, but
the rapid growth of the susceptibility suggests an intermediate phase with spontaneous breaking of the SU(4)
symmetry.
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Figure 5. The plots on the left show 2χ1/L4 and 2χ2/L4 as a function of L at U = 1.67 (squares) and 1.75
(circles). Also χ1 is higher than χ2. The plot on the right shows the condensate Φ = 〈O0ab(x)〉 as a function
of U . We see the intermediate FM phase extends roughly from 1.60 ≤ U ≤ 1.81.
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Figure 6. Plots of χ1/L2 (top row) and χ2/L2 (bottom row) as a function of U for various lattice sizes near
the two transitions. The value of U where the curves cross is shown as the dotted line and indicates the rough
location of the critical point.
signature for the formation of the condensate is the volume scaling of the susceptibilities and that for
large L the two susceptibilities become identical.
In Fig. (4) (on the right side) we show the behavior of χ1 as a function of U for various lattice
sizes. For these couplings we find χ2 to be qualitatively similar. In Fig.5 (on the left side) we plot both
2χ1/L
4 and 2χ2/L4 as a function of L at U = 1.67 and 1.75. We take the fact that the data seems to
be saturating as a sign that a condensate is forming. Further, we observe that χ1 ∼ χ2 for the highest
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two lattices, which provides further evidence for this view point. In contrast, in three dimensions we
never found evidence that χi/L3 saturates [5]. Assuming that the bilinear condensate does form, we
fit our data to the form
χ =
1
4
Φ2L4 + bL2, (5.3)
which we found empirically to be a good form for the behavior of the susceptibilities in the intermediate
region, to extract the condensate Φ = 〈O0ab(x)〉. This plotted in Fig. 5 (on the right side).
The fact that Φ = 〈O0ab(x)〉 6= 0 implies that the SU(4) symmetry is broken in the range 1.60 ≤
U ≤ 1.81. However, note that this region is much narrower than what was computed in the earlier
work. It also means we should have two transitions in our model in quick succession (the PMW-FM
transition and the FM-PMS transition). Here we assume that both transitions are second order since
we have not seen any reason to believe one of them is first order, but with our small lattice results
we cannot rule out the possibility of weak first order transitions. This is especially true for the FM-
PMS transition, where the condensate seems to rapidly reducing. Assuming they are second order the
PMW-FM transition would follow the Gross Neveu universality while the FM-PMS transition could
follow the SU(4) ∼ SO(6) spin model universality, both of which would show mean field exponents
up to logarithmic corrections. This means
χi/L
2−η ∼ fi((U − Uc)L1/ν) (5.4)
where η = 0 and ν = 1/2 (up to log corrections). In Fig. 6 we plot χi/L2 versus U for different L
values. As the figure shows, all these curves (for large L) appear to intersect through Uc as expected.
We see that Uc for the PMW-FM transition is at roughly 1.60, and for FM-PMS phase is at around
1.81, in agreement with our previous conclusion based on computing Φ.
6 Conclusions
In this work we have studied a lattice field theory model where fermions are massless at weak couplings,
but become massive at sufficiently strong couplings even though all fermion bilinear condensates
vanish. Fermions seem to acquire their mass through four-fermion condensates. The presence of
an intermediate FM phase does not rule out the possibility that this alternate mechanism of mass
generation is only a lattice artifact in 4D. On the other hand since the intermediate phase is quite
narrow in bare coupling constant space, extending only from 1.60 ≤ U ≤ 1.81, it is likely that
an extension of the model may reveal the absence of the intermediate phase and may even show the
presence of a direct second order PMW-PMS phase transition like in 3D. Such a transition would make
the mass generation mechanism through four-fermion condensates interesting even in the continuum.
We can use the continuum model (2.1) to understand this alternate mechanism of mass generation
better. We view four-fermion condensates as a fermion bilinear condensate between a fundamental
fermion field and a composite fermion fermion field. For example if ψa(x), a = 1, 2, 3, 4 represents the
four components of a Dirac field in four dimensions, then we can view the composite field
χ¯a(x) = εabcdψ
b(x)ψc(x)ψd(x), (6.1)
as an independent Dirac field such that χ¯ψ acts as the chirally invariant mass term for a theory
that contains both ψ(x) and χ¯(x). Note that the U(1) fermion number symmetry (2.2) acts as the
chiral symmetry for this fermion mass term, while the U(1) chiral symmetry (2.3) acts as the fermion
number symmetry of this mass term. Since the continuum model (2.1) breaks the U(1) fermion number
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symmetry explicitly, the new type of mass term is always allowed by interactions. However, at weak
couplings composite states do not form and the mass term continues to behave as an irrelevant four-
fermion coupling. At sufficiently strong couplings, when the composite states form the four-fermion
coupling begins to behave like a mass term and becomes relevant.
This fermion mass generation mechanism where fundamental fermions pair with composite fermions
is an old idea [23, 24]. The fact that such a mass generation mechanism can occur without any sponta-
neous symmetry breaking within a phase (PMS phase) of a regulated microscopic field theory that also
contains a phase (PMW phase) with massless fermions was also known before but not emphasized. We
find the existence of both these phases within the same regulated microscopic theory exciting, since it
means that fermion mass generation can be a dynamical phenomenon purely related to renormalization
group arguments rather than symmetry breaking. For all this to be of interest in continuum quantum
field theory, there must be a direct second order PMW-PMS transition in the regulated theory. Search
for it in 4D would be an interesting research direction for the future.
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